We shall present here the causal interpretation of canonical quantum gravity in terms of new variables. Then we shall apply it to the minisuperspace of cosmology. A vacuum solution of quantum cosmology is obtained, and the Bohmian trajectory is investigated. At the end a coherent state with matter is considered in the cosmological model. * shojai@ipm.ir † fatimah@ipm.ir
Introduction
It is a well known fact from the first days of quantum mechanics that although the quantum theory looks more natural in a positivists manner (Copenhagen school), but it is also possible to have a causal deterministic interpretation of the theory. The causal interpretation, first introduced by de-Broglie [1] and then completed by Bohm [2] . It is proved that Copenhagen and causal interpretations answers to any common question is the same. There are also questions specific to causal interpretation, questions directly related to Bohmian trajectories which are not askable questions in Copenhagen interpretation. In this way causal interpretation is not in fact simply another way of interpreting the same theory. But the problem that whether such questions are physical (i.e. if they can be checked at laboratory) or not is still unclear [3] .
The causal interpretation motivated by the fact that the phase of the wave function for a non-relativistic particle obeys the Hamilton-Jacobi equation modified by a potential called quantum potential. It is given by Q = −h as Copenhagen interpretation. Extension of the theory to the case of relativistic particles [4] and fields [2] is straightforward.
Making a causal interpretation of quantum gravity in terms of old variables is quite straightforward. Here we give some results, but more details are in the literature [5, 6, 7, 8] and references therein.
1. One of the most important problems of quantum gravity is the meaning of the wave function of the universe. In causal quantum gravity this is not a problem, because de-Broglie-Bohm theory can talk about single systems without any reference to the probabilistic character of the wave function.
2. The other important problem is the problem of time. In de-BroglieBohm theory time arises naturally from the guidance relation, that is the fact that the gradient of the Hamilton-Jacobi function (here,h times the phase of the wave function) equals to the canonical momentum.
3. It is possible to derive the quantum constraints algebra and quantum
Einstein's equations [5] .
4. The formalism can be applied to linear field approximation [6] .
5. The Bohmian trajectories can be obtained in some perturbative manner for some special cases [7] .
6. There are cosmological models in which for large scale factor, the classical limit is obtained from Bohmian trajectories while the big-bang singularity is avoided by the presence of quantum force [8] .
Here we shall investigate the possibility of making a causal interpretation of quantum gravity working in terms of new variables of Ashtekar [9] (usually called loop quantum gravity). At present, loop quantum gravity is one of the best background independent non-perturbative approaches to quantum gravity. It presents a discrete spectra for geometrical operators providing a way to solve Big Bang singularity, explains the black hole's entropy and gives a continuum of space-time at classical limit.
In One of the best area to make clear the results of loop quantum gravity is its application to cosmology [10] . Using the assumption of spatial homogeneity and isotropy principle, one can find solutions of the 3-diff and Gauss constraints. For quantization, the elementary variables are holonomies along straight edges and fluxes across squares and kinematical Hilbert space is made by holonomies which are an orthonormal basis. The basis are in fact normalized eigenstates of momenta, quantum volume and quantum scale factor.
One of the important results of loop quantum cosmology is the finiteness of quantum inverse scale factor. It is bounded from above on the kinematical Hilbert space. This leads to resolution of Big Bang singularity problem in quantum cosmology.
To construct quantum dynamics, one has to study the Hamiltonian constraint. The action of scalar constraint after regularization and quantization on physical states leads to the following equation [9, 10] :
in whichĈ matter is the matter Hamiltonian and ψ(φ, ℓ) are coefficients of the expansion of the state in terms of spin network states:
and φ represents matter fields and V ℓ = 8πγ|ℓ| 6 3/2 ℓ 3 p is the eigenvalue of the volume operator. The summation in the above relation is over a continuous variable, whence (ψ| need not be normalizable. The presence of ℓ 0 is related to the quantum ambiguity and it can be fixed by minimal area of the full theory.
As one may expect, the discrete evolution does not break at Big Bang, and at scales enough larger than ℓ 0 , the differential WDW equation emerges as an approximation [10] . There is a lot of works done on effective field equation which incorporate quantum corrections to FRW equations [11] . These modifications can generate the necessary conditions for inflation.
Causal loop quantum gravity
As it is stated before it is very important character of de-Broglie-Bohm theory that the configuration space has a specific role. Therefore in making the causal version of any theory the first step is specifying the configuration space. Then one can get the Bohmian trajectories by guidance relation.
The case of loop quantum gravity is in some way complicated, because of the fact that Hilbert space of the system is not the space of square integrable functions of connections. The Hilbert space can be decomposed into spin network states which are expressible in terms of holonomies. Therefore the best choice is to consider holonomies as coordinates and electric fluxes as momenta. So if we denote the holonomy along an edge e as A(e) and the electric flux through a surface ∆ as
the 2-form dual of the electric field and f is a test function.), we have the commutation relation:
where κ equals to +1(-1) if e lies above (below) ∆ and zero otherwise and p is the point that the surface ∆ intersects with the edge e. Causal interpretation is achieved by the following guidance relation: 
Here S ish times the phase of the wave function. So In order to derive the Bohmian trajectories one should first solve the scalar constraint and obtain the wave function as a functional of the holonomy and then use the above guidance relation to obtain the quantum dynamics of the geometry.
We shall do this for cosmological minisuperspace in the following. In such a minisuperspace the connection has only one degree of freedom c = −γȧ where a is the scale factor and the conjugate momentum (triad) is p with |p| = a 2 .
Cosmological vacuum solution
Here we are interested in exact solutions of the difference equation (1), but for simplicity we shall restrict ourselves to vacuum solutions. In the vacuum case the difference equation (1) can be written as:
where
Considering a solution of type F (ℓ) = f e βℓ where f is a complex number independent from ℓ, the above equation leads to:
so that:
As ℓ is a continuous variable, one can construct the general solution in the configuration space using the following form:
where e −i(n+n 0 )c are almost periodic functions constituting an orthonormal basis for kinematical Hilbert space. In the above relation we have broken the sum over the real number ℓ into sum over a unit interval and an integer n.
The term n 0 = 0 in the above summation has the problem that setting n = 0 leads to an infinite contribution. This suggests that one needs to introduce a condition on f (n 0 ) as f (0) = 0 and this makes a finite state.
For extracting some physical details from the wave function (9), we restrict ourselves to one of its shadows 1 [12] , and analyze the properties of |ψ)
in terms of its shadow ψ shadow . To do this we assume that f (n 0 ) is equal to zero for all n 0 except a specific one, which we call itñ 0 .
The norm squared of the shadow state is given by:
where α = kπ/2ℓ 0 + c. The behavior of the norm squared with respect to the configuration coordinate c is plotted in figure (1) . Now let us to calculate the expectation value of the triad operator. The triad operator has the following eigenvalue problem:
Therefore we have:
1 Working in terms of shadow states enables one to have a well-defined inner product. One can get an approximative closed form for the wave function by noting that for large |n| (i.e. grater than |n 0 + ℓ 0 |) we have:
so the terms in wave function decays as
. The wave function is thus given approximately by:
The last two terms can be summed to an integral form:
where Φ is the Lerch ζ-function:
Let us now drive the Bohmian trajectory. To do this one needs to extract the phase of the wave function. This can be done numerically. The result is plotted in figure (2) . In figures (3) and (4) the canonical momentum with respect to the scale factor and the Bohmian trajectory for the scale factor are plotted respectively.
Inclusion of matter
Let us now consider the case of a homogeneous isotropic minisuperspace with matter. In addition we assume that the matter hamiltonian is such that state is highly peaked at the classical solution. The scalar constraint (1) , determines the dependence of width σ of the gaussian distribution on matter. Here we shall assume that the state is so peaked at the classical path that one can make a classical approximation for matter field (setting φ =φ whereφ is the classical matter field.). That is to say one can substitute matter fields in the guidance relation of the scale factor with its classical value. The Hamilton-Jacobi function is then given by: Figure 3 : scale factor as a function ofȧ
And the quantum path of the scale factor is given by the equation:
So for such a semi-classical state the Bohmian trajectories are fluctuations around the classical path.
